The combined study of effects of poroelasticity and couple stresses on the performance of lubrication aspects of porelastic bearings in general and that of synovial joints in particular are analyzed. The modified form of Reynolds equation which incorporates the elastic nature of cartilage and Stokes couple-stress fluid as lubricant is derived and solved using a recently developed wavelet multigrid method. This method has greatest advantage of minimizing the errors using wavelet transforms in obtaining accurate solution as grid size tends to zero. It is found that, 6-7 cycles are required to obtain a reasonably accurate solution in the multigrid scheme, whereas, only one cycle is required to obtain the solution in the wavelet-multigrid method. Also, matrix of discrete wavelet-transform acts as a natural preconditioner producing rapid convergence. It is observed that, the poroelastic bearings with couple-stress fluid as lubricant provide enhancement in pressure and ensure the increased load carrying capacity compared with viscous fluids. This may be one of the reasons in the efficient lubrication and proper functioning of synovial joints.
Introduction
Wavelets are recognized as a powerful new mathematical tool in signal and image processing, time-series analysis, geophysics and approximation theory etc. The last few years have witnessed an intense activity and interest in the application of wavelet theory and its associated multiresolution analysis (MRA) [7, 8] . Another area in which wavelets are gaining importance is the numerical analysis of differential equations. The hierarchical nature of wavelets makes them particularly appealing to the techniques for solving partial differential equations. In general, it enables one to use iterative methods, such as the Gauss-Seidel method, Conjugate Gradient method, etc. to solve system of algebraic equations with great efficiency. There are efficient methods such as multigrid that exploit the special structure of these linear systems to solve with high accuracy and with low computational cost. Wavelets and MRA can be used to improve the multigrid ideas in terms of easy implementability and rapidity of its convergence [10] . Even though the fundamental similarities between wavelets and the ideas underlying multigrid schemes have been recognized by many authors [27, 9] , the similarities between the intergrid operators of the multigrid scheme and approximation and detail operators arising from multiresolution analysis of wavelet theory were first brought out in [4] . Motivated by these ideas, Bujurke et al. [5] have developed a wavelet-multigrid method to solve elliptic partial differential equations.
With the advent of the increased interest by both engineers and orthopedic surgeons into biomechanics of degenerative joint disease, different modes of lubrication in movable joints are studied as they exhibit low friction and almost negligible wear properties. Also, articular cartilage serves as a bearing and shock absorbing material of synovial joints. But, for various reasons, a long term process of cartilage degeneration (osteoarthritis) often arises. This generative process leads to a deterioration of the normal function of the joint and this natural joint with defects must be replaced by an artificial one.
A successful model for cartilage with interstitial fluid has been developed by Mow et al. [18] . This simplest linear version of biphasic mixture includes the small deformation of the porous elastic matrix, which corresponds to Biot's model for soil consolidation [3] . Mow and Ling [17] and Mansour et al. [14] have modeled the normal synovial joint as a single layer of homogenous fluid filled, porous permeable, deformable elastic material (articular cartilage). The governing equations for the tissue deformation and interstitial fluid motion were formulated using Biot's soil consolidation theory. Collins [6] modeled articular cartilage as poroelastic material, which is assumed to satisfy generalized form of Darcy's law for unsteady flow. Various aspects of articular cartilage and non-Newtonian characteristics of the synovial fluid are presented in [22] . Recently, Mercer and Barry [15] gave a numerical method on finite difference approximations for the calculation of deformation, pressure and flow within a finite two-dimensional poroelastic medium.
The long chain hyaluronic acid (HA) molecules found as polar additives in synovial fluid are characterized by two material constants and . Breakdown of the HA component reduces the viscosity of synovial fluid to approximately that of water and in certain pathological cases it becomes Newtonian. The similar material constants are also found in [24] couple-stress fluid. The simplest generalization of the classical theory of fluids by Stokes provides the macroscopic description of the behavior of fluids containing a substructure such as lubricants with polymer additives. This has motivated us to model synovial fluid as couple-stress fluid in human knee joint. Recently, Lin [12] and Walicki and Walicka [25] have modeled synovial fluid as couple-stress fluid for finding squeeze film characteristics of hemispherical bearings without including poroelasticity of the cartilage.
So far no attempt has been made to investigate the effect of elasticity and couple stresses on poroelastic bearings in synovial knee joint. The paper is organized as follows. In Section 2 the review of essential features of multiresolution analysis and the associated wavelet transform are given. Section 3 is devoted to the basic ideas and principles of Wavelet-multigrid algorithm. A simplified mathematical formulation of the problem is given in Section 4. In Section 5, the modified form of Reynolds equation is derived. Reynolds equation is discretized with finite differences and solved using wavelet-multigrid method for fluid film pressure, which in turn gives load carrying capacity. In the subsequent sections, analyses of these predictions on bearing characteristics are given for different aspect ratios and varying couple-stress and poroelastic parameters.
Multiresolution properties of wavelets

MRA and DWT
In this section, a brief sketch of MRA from Wavelet theory and the relevant concepts are given, to make the article self-contained. A MRA is a framework that consists of a sequence of closed subspaces of say
The other conditions these subsets need to satisfy are:
Any function f ∈ L 2 (R), may be approximated by the multiresolution apparatus described above, by its projection P j f onto the subspace V j :
If in addition, the projection of f onto the subspace W j is denoted by Q j f , then from linear algebra,
The projections P and Q are referred to as approximation and detail operators.
Multiresolution decomposition and reconstruction
MRA takes the expansion coefficients c j,k of (2.1) to the function f ∈ L 2 (R) at scale j and breaks them into:
This process is repeated recursively, to find c j −2,k and d j−2,k until the desired level is reached [21] . The discrete wavelet transform (DWT) is an algorithm for computing c j,k and d j,k when a function is sampled at equally spaced intervals over 0 x < 1. The transform was first introduced in [13] and hence is known as Mallat's pyramid algorithm which provides a simple means of transforming data from one level of resolution m, to the next coarser level of resolution m − 1. The inverse Mallat transform is a transformation from coarser level m − 1, back to the finer level; m. Further details can be found in [7] .
The matrix formulation of the discrete signals and DWT, which play a pivotal role in the proposed method, requires a brief discussion. Basically, this is highly convenient and instructive, especially for numerical computations. Since we deal with only finite signals in practice, this raises the question: how to represent and perform the DWT of a finite signal. A more efficient representation is achieved if the finite signal is viewed as a periodic signal repeated over the entire domain (periodization). Next step is to split a vector f say of length n (in the discrete setting vectors will replace functions) into components at different scales (resolutions). This is achieved by a DWT represented by an n × n matrix W , in the formf = Wf . Thus DWT can be carried out by multiplying the signal with an appropriate matrix. Because of the orthogonal properties of scaling and wavelet filters, W is an orthogonal matrix. This means that W −1 = W T . The reconstruction can also be done by a single matrix-vector multiplication.
Wavelet-multigrid method
The multigrid algorithm is a multilevel approach to accelerate the convergence of the numerical solution to the exact solution of the discretized differential equations in physical problems. MRA from wavelet theory provides a multiresolution representation of the functions which exhibit localized bursts (spikes) of relatively short time/space. If we combine these inherent multiresolution properties with multigrid ideas, then it may enable us to reduce the computation time and simplify the implementation procedure [4] . It is something like adding power of MRA to the elegance of MGA, thereby benefiting from both approaches. The result is a specialized (modified) multigrid algorithm and may be used as a mathematical bridge to connect the two approaches. We employ, in this direction, a modified V-cycle in which intergrid operators in the V-cycle of the classical multigrid scheme are replaced by forward and inverse wavelet transforms.
Consider a general operation equation of the form: Lu = f , representing for example, an elliptic boundary value problem. Let the finite difference discretization of this equation be
where W x and W y are transform matrices for x and y.
Then we obtain,Âx =ŷ. The method gives the solution at resolution level log 2 2 J , where J represents the level of wavelet decomposition [28] , i.e., the convergence to the correct solution is guaranteed, with number of iterations not exceeding J . It is of interest to know that, W acts as a preconditioning matrix in the sense that, if the condition number of A is high, WAx = W y is an equivalent linear system, whose matrix has a lower condition number.
Formulation of the problem
Fluid film region
On the basis of Stokes microcontinuum theory, the equations of continuity and momentum for an incompressible couple-stress fluid in the absence of body forces and body couples are
where V is the fluid velocity vector, is the density, p is the pressure, is the viscosity and is the material constant with dimension of momentum giving couple-stress property of the lubricant. The ratio / has the dimension of length squared and characterizes the material length of the fluid. The flow problems discussed by Stokes present the significant effects of couple stresses and give hints for measuring various material constants and describe the influence of size effects in couple-stress fluid that is not present in the nonpolar cases. The physical configuration of the problem is shown in Fig. 1(b) , which is the simplified form of synovial knee joint (shown in Fig. 1(a) ). The upper poroelastic cartilage surface is approaching the lower poroelastic matrix normally with a constant velocity dH/dt. Couple-stress fluid is taken to be a lubricant of the joint cavity. Following [26] , as the load bearing area of the synovial knee joint is small, the two surfaces may be considered to be parallel under high loading conditions and the average of three layers of the cartilage is modeled as single poroelastic layer. So, the problem considered is that of three-dimensional squeeze film lubrication between two rectangular surfaces. The moving film thickness is characterized by where u, v and w are the velocity components in x, y and z directions, respectively.
Poroelastic region
Following [22] , we write coupled equations of motion for the deformable cartilage matrix and the flow of fluid contained in its pores in slightly modified form [6] .
Matrix:
Fluid:
where m and f denote densities of solid matrix and fluid, respectively, U is corresponding displacement vector, k is permeability of the cartilaginous matrix to fluid. The left hand terms denote the local forces (mass times acceleration), which are counterbalanced by the right hand terms namely the surface forces, div , and the porous medium driving forces (Darcy's law) respectively. These two component equations may be simply viewed as generalized forms of Darcy's law for unsteady flow in a deformable porous medium in terms of relative velocity between the moving cartilage and the fluid contained in its pores. The classical stress tensor for a continuous homogeneous medium may be expressed for the matrix (cartilage) and fluid (synovial) respectively, in the forms 11) in terms of the elastic parameters N , E and A of the cartilage, the hydrostatic pressure p * , I the identity tensor and e the cartilage dilation. The inertial terms in (4.8) and (4.9) are neglected because in the balance of momentum equation the fluid-fluid viscous stress is negligible compared with the drag between the fluid and solid matrix [2] . After neglecting inertia terms, addition of Eqs. (4.8) and (4.9) eliminates the pressure and fluid velocity and then after taking divergence of the result, gives
The cartilage dilatation is characterized by a simple linear equation in terms of the corresponding average bulk modulus K [11] .
The equation describing pressure in the poroelastic region obtained using (4.13) in (4.12) is
(4.14)
Boundary conditions
The relevant boundary conditions for the velocity field (0 < y < H ) are
where v n represents the normal component of the relative velocity of the fluid at the cartilage surface. Conditions (4.15) are no-slip conditions and (4.17) are due to vanishing of couple stresses.
Solution procedure
Integrating Eq. (4.14) with respect to y over the porous layer thickness (− < y < 0) and using (solid backing) boundary condition jp * /jy = 0 at y = − , we get, 18) where is the thickness of the poroelastic layer. Using the Cameron-Morgan approximation [16] which is valid for the poroelastic layer thickness to be very small and using pressure continuity condition (p = p * ), at the porous interface (y = 0), we get
After neglecting inertia terms, Eq. (4.9) may be arranged in terms of relative velocity in the form
Elimination of e through (4.13) and (4.20) gives
The normal component of the relative fluid velocity at the cartilage surface is 
Eqs. (4.5) and (4.7) can be integrated for u and w with respect to y using boundary conditions (4.16) and (4.18). Substituting u and w in the continuity equation (4.4) and integrating across the film thickness with respect to y using boundary conditions (4.17), we obtain modified Reynolds equation
Since H is independent of x and z, the modified Reynolds equation (4.24) becomes
where
The relevant boundary conditions for the pressure are
where a and b are dimensions of plate in x and z directions, respectively.
Introduce nondimensional parameters and variables as follows:
where h 0 is the initial film thickness, is the aspect ratio, is couple-stress parameter,k is the permeability parameter andp is the nondimensional fluid film pressure. With these quantities equation (4.25) becomes
, (4.27) where
and the boundary conditions for the pressure field arē
Numerical solution
The modified Reynolds equation (4.27) is of elliptic type equation, which can be solved numerically using waveletmultigrid method. So, using second order finite difference scheme, derivative terms in Eq. (4.27) are approximated by
After substituting above finite difference schemes into Eq. (4.27), we get following discretised equation:
where coefficients are given by
.
To enforce the boundary conditions, we set
Let the matrix formulation of (4.29) be
Here is an illustration of wavelet transform matrix, Now FWT is performed, according to the procedure explained in Section 3 on A and y of Eq. (4.30) recursively till the coarsest level is reached at level −J . ThenÂ lxl =ŷ l is solved to obtainx l , at the coarsest level using Gauss-Jordan method. Finally, IWT is performed onx l (l = −J, . . . , −2, −1), which gives the fluid film pressurep of required accuracy.
Once, fluid film pressure is obtained by using wavelet multigrid method; the load carrying capacityW per unit area of the joint surface in nondimensional form is obtained straightforwardly by usinḡ
(4.31)
Results and discussion
In this paper, for all numerical experiments D-4 wavelets are employed. However, we have the freedom and flexibility to choose other wavelet bases also. To test the accuracy, we have solved the problem at resolutions 2 4 and 2 8 . It is observed that, there is a marginal increase in the accuracy of the solution. Better accuracy can be achieved by increasing the resolution and / or the order of the wavelet family. It is also observed that, the amount of computational effort is considerably less than that of classical multigrid method. In fact, It is found that, 6-7 cycles are required to obtain a reasonably accurate solution in the multigrid scheme, whereas, only one cycle is required to obtain the solution in the wavelet-multigrid method. Also, if A denotes the matrix obtained from the above scheme, with N = 4 for example, the condition number of A ≈ 9.6. The condition number of W.A ≈ 0.99. Hence, this preconditioning technique applied to A recursively produces a system, having condition number O(1). Furthermore, this ensures the fast convergence of the wavelet-multigrid method [10, 5] .
A simplified mathematical model has been developed for analyzing the effects of couple-stress fluid and poroelasticity on lubrication characteristics of synovial joints. All the bearing characteristics are functions of nondimensional parameters (=lh 0 ),k(=k /h 3 0 ) and (=a/b). The introduction of the new material constant is due to polar additives in the nonpolar lubricant. The ratio / has dimension of length squared and this may be regarded as the chain length of the polar additives in the nonpolar lubricants. It is expected that the polar effects should be more prominent either when the minimum film thickness is small or molecular size of the additives is large i.e. when is small. On the other hand for large value of , the couple-stress effects are not significant. The values for elastic parameters E, K and fork are taken from Torzilli [23] , which are associated with healthy human cartilage during normal articulation. In the graphs, dotted lines correspond to either Newtonian case ( → ∞) or nonelastic case (E/K = 0). In the limiting case, → ∞, k = 0, the Reynolds equation (4.25) corresponds to classical case [19] .
The fluid film pressure distribution for different couple-stress parameters are plotted in Figs. 2(a-c) . The effect of couple stresses is to increase the pressure maximum compared to Newtonian case ( → ∞). The two material constants and which are present in couple-stress fluid as polar additives are responsible for long chain hyaluronic acid (HA) molecules. The water and low molecular weight substances present in the lubricant are forced into poroelastic cartilage by the squeeze film action of the impinging cartilaginous surfaces. This leads to an increase of the concentration of the polymer additives on the cartilage surfaces, producing larger pressure due to increased viscosity of the lubricant. In certain pathological changes which occur in synovial joints due to abnormal joint mechanics or the process of aging, the fluid becomes Newtonian ( → ∞) which is responsible for degenerative joint disease [20] . Fig. 3 shows the variation of nondimensional load capacityW with film thicknessh for different values of elasticity parameter E/K. The loadW for elastic parameter E/K = 2.0 is quite large compared to that of nonelastic case (E/K = 0.0). Further, load carrying capacityW decreases as intra articular gap between two articular surfaces decreases for all values of elastic parameter E/K. The effect of the permeability parameterk on the variation inW with log 10 ( ) is shown in Fig. 4 . It is observed that load carrying capacityW decreases with increase in permeability parameterk. This is because, the large permeability value means there are more voids available in the poroelastic surface, which permits the quick escape of the fluid. The interstitial fluid which is present in the lubricant region is free to escape through the poroelastic surfaces. Fluid motion occurs due to large permeability of poroelastic matrix, which produces decrease in pressure resulting in decrease of load carrying capacity. Further, for large , the length of the plate to be longer in z direction than that of x direction to achieve the maximum load capacity that can be sustain by joint surface. 
Conclusion
The effect of couple stresses on the performance characteristics of poroelastic squeeze film bearings is presented on the basis of Stokes microcontinuum theory. The governing equations along with the appropriate constitutive relationships and boundary conditions have been formulated for modeling poroelastic nature of bearing of articular cartilage and nonNewtonian behavior of synovial fluid. Wavelet-multigrid method is used for the solution of modified Reynolds equation. The method is proved to be more efficient than the classical multigrid method. Computing the rates of convergence of the two methods, it is found that, wavelet-multigrid method approaches the exact solution much faster. The other advantages of this method are: it is direct and easy to implement. It provides the ability to carry out calculations, focusing only in regions where it is needed. It can as well be generalized to nonuniform grids, which is the unique feature of this approach. As the grid size decreases the condition number increases a serious disadvantage in classical schemes whereas in the present wavelet-multigrid scheme the conditioning of the matrix is incorporated in the procedure without requiring separate analysis for it. The nature of solution depends on parameters andk, which are related to pressure distribution, load carrying capacity and squeeze time. Notable predictions are made about sustaining of maximum load carrying capacity which are functions of ,k,h, E/K and . Proposed poroelastic model of the joint with couple-stress fluid as lubricant predicts the maximal supporting load that can be sustained by a joint which increases with increase in E/K and decreases with increase in both andk. The detail analyses carried here give some of the salient features of bearing characteristics, which would enable in the selection of suitable design parameters.
